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Local-spectral expander review

Definition

A 2-dimensional simplicial complex X is a A-local spectral expander if every vertex link is
a A-spectral expander and the 1-skeleton of X is a A-spectral expander.
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Definition
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Today, we consider a different notion of high-dimensional expansion.
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Function spaces over X: Hasse diagram

Coboundary operators 6 C'— O (6:9)(t) = >, g(e).
X(~1) X(0) X(1) = X (2)
| 012
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We can define the adjoint 07 : C**' — C*, (67 f)(€) = 3 cx(ir1)me [ (1):
This is called the i-th boundary operator.
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Composition of coboundary maps

(5.9)(t) = 3 gle).

eCt

Quick exercise. For every f € C°,

61(50f =0.

50 f(uw) 30 f (vw)

80 f (uv)

(0100 f) (uvw) = 0g f (uv) + do f (vw) + 0o f (uw)



Composition of coboundary maps

(6:9)(t) =Y _gle).

eCt

Quick exercise. For every f € C°, 24(w)

5100f = 0.

2f(u) 2f(v)

(0100.f ) (wvw) = 2f(u) + 2f(v) + 2f (w)



Coboundary space and cocycle space

Definition

i-th coboundary space B’ := Im(d;_1
i-th cocycle space Z* := ker(6;)

) C CY,
C C.
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X(-1) X(0) X(1) X(2)
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Coboundary space and cocycle space

Hasse diagram
Definition X(—1) X(0) X(1) X(2)

i-th coboundary space B’ := Im(d;_,) C C",
i-th cocycle space Z' := ker(8;) C C". —
; ;
—1 0 51
What are B° and Z0? What are B! and Z1?

@ BY: the two constant functions (all 0 or all 1).

@ Z9: the span of indicator functions of connected
components.

OO
OO

BO = z0 0



Coboundary space and cocycle space

Hasse diagram
Definition X(—1) X(0) X(1) X(2)
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Coboundary space and cocycle space

Hasse diagram
Definition X(—1) X(0) X(1) X(2)

i-th coboundary space B' := Im(d; 1) C C",
i-th cocycle space 7' := ker(d;) C C". ER g KRR
N 0 e 71 Y
What are BY and Z°? What are B! and Z'?
@ BY: the two constant functions (all 0 or all 1). @ B': indicators of cuts.
@ ZY: the span of indicator functions of connected @ Z!: functions touching every triangle zero or twice.
components.

> <
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BO ¢
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Coboundary expanders

Let |f| denote the fraction of faces on which f is nonzero, and let |f — B?| denote the distance from f
to the closest function in B*.

Coboundary expander [LM06, Grol0]
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Coboundary expanders

Let |f| denote the fraction of faces on which f is nonzero, and let |f — B‘| denote the distance from f
to the closest function in B”.

Coboundary expander [LM06, Gro10]

: , . : : . |9: f]
X is an (i + 1)-dimensional n-coboundary expander if min -
(i+1) 7 y exp P ey T
1-dimensional coboundary expansion < graph conductance. G = (V, E) has conductance ¢ > 0 if
[E(S,V\ 9)|

I S (d(S), d(V \ 5)
Let f =1g,

|E(S,V\S)| = |60 f||E, and min(d(S),d(V\S)) = |f-B"|-2|E|
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Therefore min(d(S), 4V \ 5)) = 3 — B

dof = 1p(s,v\s)



Coboundary expanders

Let |f| denote the fraction of faces on which f is nonzero, and let |f — B‘| denote the distance from f
to the closest function in B”.

Coboundary expander [LM06, Gro10]

. , . . . : |6: f]
X is an (7 + 1)-dimensional n-coboundary expander if min - .
(i+1) 7 y exp P ey T
1-dimensional coboundary expansion < graph conductance. G = (V, E) has conductance ¢ > 0 if
[E(S,V\ 9)|

S min(d(S), AV \ S))
Let f =1g, (

|B(8,V\S)| = [60f||E, and min(d(S),d(V\S)) = |f-B°|-2|E|

EGVAS)] 5] -

min(d(S),d(V'\ S))  2|f — B 7
dof = 1g(s,v\s)

A graph has conductance c¢ if and only if it is a 1-dimensional 2¢-coboundary expander.

Therefore
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Example: complete complexes. A 2-dimensional complete complex is a 2-dimensional 1-coboundary
expander.
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2-dimensional coboundary expanders

Coboundary expander [LM06, Grol0]

4]
X is an 2-dimensional 7-coboundary expander if feré'lli{lBl |f|_1J;1| > .

Example: complete complexes. A 2-dimensional complete complex is a 2-dimensional 1-coboundary
expander.

@ View a cochain f € C! as a graph: an edge e is present iff f(e) = 1.
@ Then

B'={1piswns :SCV}
the set of complete bipartite graphs.
@ To test whether f is a complete bipartite graph, sample a random triangle ¢ ~ X (2) and accepts iff

51f(t) = 0.

I)D(r( )[test rejects f] > distance from f to the closest complete bipartite graph.
tX (2
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(1+1) U y exp PRy i

Given any 2-dimensional 7n-coboundary expander X
@ Create one variable x, for each vertex v € V.
@ For each edge uv € E, pick f(uv) € Fy and add the equation

Xy + Ty = fuw).
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2-dimensional coboundary expanders

Coboundary expander [LM06, Grol0]

. . . . . |0: f|
X is an (7 + 1)-dimensional n-coboundary expander if min ——— >1.
(1+1) U y exp PRy i

Given any 2-dimensional 7n-coboundary expander X
@ Create one variable x, for each vertex v € V.
@ For each edge uv € E, pick f(uv) € Fy and add the equation

Xy + Ty = fuw).
@ To test if the system of linear equations is solvable, sample a random ¢ ~ X (2) and accepts iff

S1f(t) = 0.

Pr( )[test rejects| > n - the fraction of violated equations.
t~X (2

More generally, an (i + 1)-dimensional coboundary expander gives the subspace B® a local membership
test whose rejection probability is proportional to the distance |f — BY|.



Cocycle expanders

We can also define a natural notion of expansion with respect to the cocycle space Z*.

Cocycle expander [KKL14, EK24]
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Cocycle expanders

We can also define a natural notion of expansion with respect to the cocycle space Z*.

Cocycle expander [KKL14, EK24]

|05 f|

Xis an (7 + 1)-dimensional n-cocycle expander if min . .
(1+1) 1-cocycle exp P ey TR

1-dimensional cocycle expansion < graph conductance for each of the connected components. In
G = (E,V), every connected component G; = (V;, E;) has graph conductance at least ¢ if

oin _ESVASL

SV, min(d(S), d(V; \ 5))

Let f =15 where S C V,
|E;(S, Vi \ S)| = [60f] - |E|, and min(d(S),d(V;\ S)) = |f — Z2°| - 2| E|
Therefore
|E; (S, Vi \ 9)] |00 f|

min(d(S),d(V; \ S)) — 2|f — 27
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Cocycle expanders

We can also define a natural notion of expansion with respect to the cocycle space Z*.

Cocycle expander [KKL14, EK24]

|05 f|

Xis an (7 + 1)-dimensional n-cocycle expander if min . .
(1+1) 1-cocycle exp P ey TR

1-dimensional cocycle expansion < graph conductance for each of the connected components. In
G = (E,V), every connected component G; = (V;, E;) has graph conductance at least ¢ if

i B VS

SV, min(d(S), d(V; \ 5))

Let f =15 where S C V,
|E;(S, Vi \ S)| = [60f] - |E|, and min(d(S),d(V;\ S)) = |f — Z2°| - 2| E|

Therefore
[E; (S, VNS 1]
min(d(S),d(V;\ S)) — 2|f = 2]
Each connected component of a graph has conductance > c¢ if and only if the graph is a 1-dimensional
2c-cocycle expander.

10



Constructions of cocycle expanders

e LSV Ramanujan complexes give bounded-degree cocycle expanders in every
dimension [KKL14, EK24, DD24].

o Kaufman-Oppenheim complexes give bounded-degree 2-dimensional cocycle
expanders [KO21].

e Bjs-type Chevalley coset complexes give bounded-degree 2-dimensional cocycle
expanders [0S24].

e Kac-Moody-Steinberg complexes give bounded-degree cocycle expanders in every
dimension [OVB25a].

11



Constructions of coboundary expanders

e Simple constructions: complete complexes and complete multipartite complexes.
o Random constructions: dense random complexes [DK12, LLR19].
o Spherical buildings [Gro10, LMM16, DD24].

o Bounded-degree constructions of 2-dimensional coboundary expanders
[CL24, KOW24, OVB25b].

12



Constructions of coboundary expanders

e Simple constructions: complete complexes and complete multipartite complexes.
o Random constructions: dense random complexes [DK12, LLR19].
o Spherical buildings [Gro10, LMM16, DD24].

o Bounded-degree constructions of 2-dimensional coboundary expanders
[CL24, KOW24, OVB25b].

Open problem
Construct bounded-degree coboundary expanders in every dimension.

12




Applications of coboundary and cocycle expansion

Generalization of coboundary and cocycle expansion underlies applications to:

e Locally testable codes with constant-rate, constant-relative distance,
constant-locality [DEL*22].

o Quantum LDPC codes with constant rate and constant distance [PK22].

o Agreement tests in low acceptance regime [BLM24, DDL24].

13



The cone method for proving coboundary expansion

Show that, for every f € C'\ B!,

afl
7-B7" "

14



The cone method for proving coboundary expansion

Show that, for every f € C'\ B!,

afl
7-B7" "

Idea. Given f € C!, find g € CY such that
e 0oy is close to f,
o if f(uv) # dog(uv), It € X(2), st. 0 f(t) =1.

Thus connect |f — dog| to |d1f].

14



The cone method

A cone on X [Grol0, LMM16, KM19, KO21]

@ A base vertex vyg.
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PUU w
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The cone method

A cone on X [Grol0, LMM16, KM19, KO21]

@ A base vertex vyg.
@ A path P,,, from vy to each v € X(0) \ {vo}.
@ For each uw € X(1), a set of triangles Ty, C X (2) filling the loop £y, = Pyyy 0 uw o P, 1

vow "

oilp,, =1, Ly 1s the boundary of T}, .

uw ?

Such fillings exist whenever B! = 7!,

Eu w
P::l) U

TU, w

PUU w

15



Define g from a cone

Given a cone C' = (v0, { Pogu tuztves {Tuw fuwe x (1)) define g € C° to be

glwo) =0, glwy= Y fle).

eEPyqu

PUU u
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Define g from a cone

Given a cone C' = (v0, { Pogu tuztves {Tuw fuwe x (1)) define g € C° to be

glwo) =0, glwy= Y fle).

eEPyqu

If dpg(uw) # f(uw), find a nonzero triangle of ¢y f:
9w) Sog(uw) + f(uw) = g(u) + f(uw) + g(w)

[ (uw)

g(w)
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Define g from a cone

Given a cone C' = (v0, { Pogu tuztves {Tuw fuwe x (1)) define g € C° to be
g(w) =0,  glu)= Y fle)
eepvou

Zeep,,m f(e) If og(uw) # f(uw), find a nonzero triangle of &y f:
dog(uw) + f(uw) = g(u) + f(uw) + g(w)

ec Py, eEPUOw

Zeepm " f(e)
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eEPyqu

Zeeluu, f (6)

Sog(uw) + f(uw) = g(u) + f (uw) + g(w)
= > fle)+ fluw) +

= > fle)

e€lyw

= > af@)

t€Tyw

If dpg(uw) # f(uw), find a nonzero triangle of ¢y f:

> fle)

eEPyqu eEP,w
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Define g from a cone

Given a cone C' = (v0, { Pogu tuztves {Tuw fuwe x (1)) define g € C° to be

g(w) =0, glw= > fle)

eEPyqu

If dpg(uw) # f(uw), find a nonzero triangle of ¢y f:
dog(uw) + f(uw) = g(u) + f(uw) + g(w)

= Z fle)+ fluw)+ > f(e)

ec Py, eEP,w

= > fle)

e€lyw

= > af@)

t€Tyw

o o) ={file,) = (f,6i1n,,) = (0ufi1n,) = D 6uf().

e€Lyw tE€Tyw

16



Define g from a cone

> s f()

For the 0-cochain g derived from a cone C, every edge uw € X(1)
satisfies

Sog(uw) + fluw) = Y 1f(1).

te€Tyw
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Define g from a cone

> s f()

For the 0-cochain g derived from a cone C, every edge uw € X(1)
satisfies

Sog(uw) + fluw) = Y 1f(1).

te€Tyw

If og(uw) # f(uw), then

Z i f(t) =1
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Define g from a cone

> s f()

For the 0-cochain g derived from a cone C, every edge uw € X(1)
satisfies

Sog(uw) + fluw) = Y 1f(1).

teTyw

If og(uw) # f(uw), then

Z i f(t) =1

t€Tuw

Therefore, there is a triangle ¢ € Ty, such that §; f(t) = 1.

17



Example: the complete complex

In a complete complex, fix a base vertex v. Construct
the cone

Cy, = (Uv {Pvu = {UU}}v {Tuw = {U“w}}) -

Define
gv(“) =0, gv(u) = f(vu)

18



Example: the complete complex

In a complete complex, fix a base vertex v. Construct
the cone

Cy, = (Uv {Pvu = {UU}}v {Tuw = {U“w}}) -

Define
go(v) =0, go(u) = f(vw).
For every edge uw,

fuw) # dogo(uw) =

01 f (vuw) = 1.
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Example: the complete complex

In a complete complex, fix a base vertex v. Construct
the cone

C, = (v, {Pvu = {U“}}v {Tuw = {U“w}}) .
Define

gu(v) =0, gu(u) = f(vu).
For every edge uw,
fluw) # dpgy(uw) = 6 f(vuw) = 1.

Limitation: for fixed v, the cone C,, only uses triangles containing v. These are only an ©(1/n) fraction

of all triangles. We need to take into account other triangles.
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Example: averaging over cones

Cy, = (Uv {Pvu = {vu}}, {Tuw = {Uuw}}> )
gv(v) =0, gv(u) = f(vu)

Yuw,  f(uw) # dogp(uw) = 01f(vuw) = 1.
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gv(v) =0, gv(u) = f(vu)
Yuw,  f(uw) # dogp(uw) = 01f(vuw) = 1.

Choose v uniformly at random and use the random cone C,,.
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Example: averaging over cones

Cy, = (Uv {Pvu = {vu}}, {Tuw = {Uuw}}> )
gv(v) =0, gv(u) = f(vu)
Yuw,  f(uw) # dogp(uw) = 01f(vuw) = 1.

Choose v uniformly at random and use the random cone C,,.

E, E}:[f(uw) # dogu(uw)] < E, Bgﬁlt € Tyw : 01 f(t) =1]
=E, 11?711:[<‘51f(vmu) =1]

— E}g}[élf(uvw) =1] = |01 f]-

L Y 16111
|f 7B1| o Ev|f*§09v‘ Ev Pruw[f(uw) 7é 609v(uw)] B

Thus, the complete complex is a 2-dimensional 1-coboundary expander.
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More coboundary expanders via the cone method

Complete multipartite complexes.
One can construct fillings with |T,,.,| < 4, so the cone method gives 1/4-coboundary expansion.
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More coboundary expanders via the cone method

Complete multipartite complexes.
One can construct fillings with |T,,,| < 4, so the cone method gives 1/4-coboundary expansion.

Spherical buildings.
A more involved cone method proves coboundary expansion for spherical buildings [LMM16, DD24].

Limitation.

To obtain constant coboundary expansion from the cone method, the complex needs to be dense and to
have symmetry on faces.

How can one prove coboundary expansion for bounded-degree complexes? How can one prove cocycle
expansion?

20



The answer: the local-to-global theorem for cocycle expansion

Theorem [EK24, KM21, DD24|

For every n > 0, and v > 0 sufficiently small as a function of 7, let X be a
3-dimensional simplicial complex such that:
@ X is a y-local spectral expander;

@ every vertex link is a 2-dimensional 7-coboundary expander.

Then X is a 2-dimensional ©(n)-cocycle expander.
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The answer: the local-to-global theorem for cocycle expansion

Theorem [EK24, KM21, DD24|

For every n > 0, and v > 0 sufficiently small as a function of 7, let X be a
3-dimensional simplicial complex such that:

@ X is a y-local spectral expander;

@ every vertex link is a 2-dimensional 7-coboundary expander.

Then X is a 2-dimensional ©(n)-cocycle expander.

If, in addition, B! = Z!, then cocycle expansion becomes coboundary expansion.
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